Quantum benchmark for storage and transmission of coherent states 
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We consider the storage and transmission of a Gaussian distributed set of coherent states of 
continuous variable systems. We prove a limit on the average fidelity achievable when the states are 
transmitted or stored by a classical channel, i.e., a measure and repreparation scheme which sends 
or stores classical information only. The obtained bound is tight and serves as a benchmark which 
has to be surpassed by quantum channels in order to outperform any classical strategy. The success 
in experimental demonstrations of quantum memories as well as quantum teleportation has to be 
judged on this footing. 
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Coherent distribution, storage and manipulation of 
quantum states is a technical challenge which received 
extensive theoretical and experimental interest in the last 
years stimulated by the promises of quantum information 
science Q . A wide class of schemes can be very generally 
understood as an attempt to establish a channel for the 
reliable transmission of quantum states. This applies in 
particular to quantum teleportation 0, 0, 0, S U S S ) 
where states are sent through an entanglement assisted 
classical channel, but just as well to the concept of a 
quantum memory IlS[ll[ll[ll[ll[ll[ll[I3, where 
the channel acts in time rather than in space and the 
accent is on the state transfer between light and atoms. 
Concerning the reliable transmission and storage of quan- 
tum states it is clear that in the ideal case a quantum 
channel will always surpass a classical channel, i.e. any 
strategy where the quantum state is measured, the cor- 
responding classical data stored or transmitted and then 
used to reconstruct the initial state as good as possi- 
ble However, under realistic conditions a quantum 
channel suffers inevitably from imperfections such that 
it might become possible to achieve the same effect by 
means of a classical channel. Therefore there is need for 
a criterion which allows to distinguish an imperfect quan- 
tum channel from a perfect classical channel and justifies 
proclamation of success in the experimental demonstra- 
tion of quantum teleportation and quantum memories. 

Such a criterion has been derived some time ago for 
channels acting on finite dimensional systems 12(1 
EH and found applications in seminal experiments 
on quantum teleportation with single photons '3| and 
ions 0]. For channels acting on infinite dimensional sys- 
tems a corresponding criterion was conjectured some time 
ago in 1^ ll^l . Though a proof for this criterion was yet 
to be found the claim for successful teleportation was 
based exclusively on this ground in several, likewise sem- 
inal teleportation experiments using EPR-squeezed light 
0, 0, 0| ■ The same criterion was applied very recently 
to a quantum memory experiment where coherent 
states of light were stored in the collective spin of atoms. 



In this paper we solve this longstanding problem and 
provide a rigorous proof for the criterion conjectured 
in ml 1231. This puts the central claims of experiments 
[^f^l^-lgiriO] - to have demonstrated a quantum gain in 
the transmission or storage of coherent states - on log- 
ically firm grounds. We emphasize that only now the 
success of these key experiments is rigorously validated. 
Moreover, the present result gives a solution to the state 
estimation problem for coherent states and leads to a 
closed expression for the accessible fidelity introduced in 

The paper is organized as follows: We first characterize 
a general classical channel mathematically and state the 
optimization problem to be solved here. Then we present 
this solution and give an elementary and rigorous proof. 
We close by relating the result to other work. 

The figure of merit in terms of which the quality of a 
channel is quantified is usually taken to be the average 
fidelity achieved when the channel acts on a predefined 
set of input states |2^. Let be this set and let an 

input Itpx) occur with a probability ^(x). If the channels's 
output is E{\4>x)) then the average fidelity is defined as 



F : 



This number is equal to one only for the ideal channel 
transmitting or storing every state perfectly. Now the 
task is to find the maximal value of F achievable with 
a classical channel, i.e. to identify the optimal measure- 
and-prepare strategy. Any channel yielding a higher av- 
erage fidelity is then necessarily quantum in the sense 
that it outperforms every strategy which is based on 
the mere storage or transmission of classical information. 
Any classical channel can be described by a POVM 
measurement {My} where y denotes the outcome occur- 
ring with a probability |('0a;|My|'0a;)p and a reconstruc- 
tion rule y Py determining which state py is prepared 
when y was the measurement outcome. The channel then 
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acts as 



E{\i;,)) = Y,\mMy\i^,) 



The fidelity bound for classical channels relative to the 
set of input states {iV'i)} is then 

-Fmax = SUpSUp V'p(x)(V'2:|A^y|V'2:)P('02:|Py|V'2^)- 

My Py ,^ y 

(1) 

This optimization problem is known under the title state 
estimation in the theory of quantum detection and has 
in fact a long history [ll HI lH . From the plethora 
of results known in this field the one concerning chan- 
nels acting on and an input set consisting of all pure 
states with a uniform distribution over the Bloch sphere 
received particular practical relevance in the last years. 
In [i^l it was shown that for this case Fmax = 2/3. This 
value was the appropriate benchmark in several telepor- 
tation experiments using single photons Q and recently 
also trapped ions Q and was beaten by measured fideli- 
ties ranging from .70 to .89 in and from .75 to .78 in 
13 proving the presence and necessity of entanglement in 
these experiments. 

Less is known for channels acting on an infinite di- 
mensional Hilbert space. Despite the increasing impor- 
tance of coherent states {|Qf)} for quantum communica- 
tion and in particular quantum cryptography by now no 
classical-quantum bound has been proven for channels 
acting on these states. In ji^l it was shown that if the 
coherent states are distributed in phase space accord- 
ing to a Gaussian distribution p(a) = A/7rexp(— A|ap) 
an average fidelity F = {\ + X) / {2 -\- X) can be achieved 
by means of a heterodyne measurement, described by a 
POVM {|a)(a|/7r}, and the preparation of appropriate 
coherent states. It was conjectured there that this might 
be optimal but since then this question remained open. 
In fact, in the state estimation problem with minimum 
mean square error the heterodyne measurement turned 
out to be optimal jl^. However, this problem is differ- 
ent from the present one with respect to the figure of 
merit and due to the fact that in |2y| the reconstruction 
of the state, which is crucial in our context, is not consid- 
ered. Nevertheless, the value of 1/2 attained for the flat 
distribution (A — > 0) was used as a criterion to verify tele- 
portation in experiments 0j 0] using EPR-squeezed 
light where measured average fidelities range from .58 to 
.64. 

In the following we will settle this question by proving 
that for any classical strategy 



1 + A 

2 + A 



(2) 



holds necessarily. Moreover, this bound is tight since it 
can be achieved by means of the strategy derived in [i^ , 



and thus equality holds in (0) • This is the main result of 
this paper. 

The proof we are going to present now is elementary 
and we start by simplifying and conveniently reformu- 
lating the problem. The first simplification relies on the 
fact that without loss of generality we can restrict the 
optimization in equation iQJ to POVMs consisting of pro- 
jectors My — \4'y){4'y\ {\4'y) '^ot necessarily normalized) 
and also to pure states py — \xy){Xy\- This is easily seen 
by noting that we can always decompose the POVM el- 
ements My = ^^\m^^y){m^^y\ tkTiA similarly the states 
Py = qw.y\Tw,y){'f'w,y \ such that wc Can write the av- 
erage fidelity as 



F = 



EE 

X y,v,w 



Pix)\{i'x\y/qw,y\my^y)\'^\{lpx\r^^y)\'^ 



Absorbing the redundant parameters v, w into y and 
identifying y/qw,y\my^y) and |r„_y) with \(j)y) and \xy) re- 
spectively we see that for any POVM there exists always 
another one which has the desired properties and yields 
the same average fidelity. 

We therefore have for coherent input states {\a)} with 
a Gaussian distribution p{a) — A/7rexp(— A|ap) 

F = ^ /■dap(«)|H0,)nHx,)p. 
y ■' 

Note that the sum over y stands symbolically for sums 
or integrations over a suitable measurable set. Using this 
expression for F and defining 



Aap{a)\{a\(j)y)\^\a){a\ 



equation |^ can be reformulated more compactly as 
^Inax = supsup^(xy|.4^Jxy> = s\rp^\\A^J\oo- (3) 

\'Pv) \Xy) y I0H> y 

The optimization with respect to the reconstructed states 
\Xy) is trivial and implicitly performed in the last iden- 
tity by noting that it is clearly best to prepare the state 
corresponding to the largest eigenvalue of for a given 
measurement outcome y [s^ . 

We proceed by proving a statement which is even 
stronger than ^ namely that 



1 + A 



[(2 + A)P- 



(4) 



holds for all states \(j>) and all p- norms 
\\A\\p — [tr{^P}]^/P. The main statement, equation 
(O, is deduced from equations lO and |@J by taking the 
limiting case p — » oo of equation in combination with 
the POVM property l'^y)(</*al ~ 1j which in turn 
implies J2y\\A4,J\i = 1. 

In order to prove inequalities l@J we exploit a trick 
which was already utilized in the context of additivity of 
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output purities of bosonic channels in |30j . The proper- 
ties of the trace allow us to write 

M^llp = = dai ■ ■ ■ dapp{ai) ■ ■ ■ p{ap) 



^p-i\ap){ap\} 



X tr{|ai)(Q;i|Q!2) 
= tr{|</,)(0|®fi?}, 

where we defined 



B 



dai ■ ■■dapp{ai) ■ ■ ■ p{ap){ai\a2) ■ ■ ■ {ap\ai) 



X |ai)(ai| (g) • • • «) \ap){ap\, 
P r 

C = daip{ai)\ai){ai\. 

These two operators commute evidently and thus can be 
diagonalized in the same basis. The diagonalization can 
be accomplished following the methods of ■ One finds 
that both B and C can be expressed as a tensor prod- 
uct of (unnormalized) thermal states in certain Fourier 
modes attained from the original p modes by a unitary 
transformation. Both operators are diagonal in the Fock 
basis corresponding to these new modes and are explic- 
itly given by 



B 



C 



(2 + A)f-l<>' 
A 



E 



l + A 



ni=0 
p p oo 



1 



1=1 ni=0 



2 + \-d, 
1 



+ A 



n^){ni\ 



where e C are the eigenvalues of a unitary matrix such 
that \di\ = 1. The exact values can easily be calculated 
but are of no relevance here. 

Finally, let a product state \(j))®P have an 
expansion in terms of Fock states given by 
10)*^^ = E„i,...,„p c„i,...,„Jni, . . . ,np). By construc- 
tion we know that < ti{\(f)){(j)\'^PB} and therefore 



XP 



< 



(2 + A)P - 1 
XP 



< 



(2 + X)P - 
XP 



(2 + X)P - 



E n 

ni,...,np— i—1 

oo p 

T E n 

rii ,. . ..rip— 

oo p 

T s nil 



1 



2 + X-d 
1 



L-rai,...,np I 



2 + X- di 

1 " 



ni,...,np— i—1 



+ x 



{2 + X)P-l J 

Taking the p^^ root of this sequence yields directly rela- 
tion ^ and completes the proof. 



The result assures that (in the case of a flat distri- 
bution) the fidelity limit of 1/2 is in fact appropriate 
in comparing quantum channels for coherent states of 
continuous variables with an optimal classical channel, 
justifying its application as a benchmark in continuous 
variable teleportation 0, S IS PO^t and in future 
experiments testing the performance of continuous vari- 
able quantum memories 0, Q, 0, 0|. In particular, 
in a recent experimental demonstration of the quantum 
state transfer from light onto atoms [13 the bound © 
has been used to demonstrate that the quantum memory 
has indeed exceeded the classical limit of the measure- 
and-prepare strategy. The present proof provides firm 
grounds for such a statement. 

We note that a measure- and-prepare scheme can be 
considered as a 1-to-oo cloning machine, when we just 
duplicate the preparation device. In fact, in this context 
for the special case of a flat distribution (A 0) an 
independent proof based on the covariance of the problem 
is given in j8ll |. 

The criterion derived here allows to test wether a given 
channel yields a higher quality of storage or transmis- 
sion (measured in terms of the average fidelity) than 
what is possible by classical means. We would like to 
point out that there exist other criteria in the literature 
allowing to test different requirements. In 
particular if a channel has to be secure (in the sense that 
its action excludes the existence of a clone of the input 
state holding a higher fidelity than the channel's output) 
it has to outperform the best l-to-2 cloning machine, 
which is more demanding than what was considered here 
[3^ . For channels acting on the set of coherent states 
with a flat distribution this was analyzed in [^ [S^l ■ 
As shown in ^2 Si the best Gaussian l-to-2 cloning ma- 
chine yields a fidelity benchmark of 2/3 while the optimal 
non-Gaussian strategy yields a value of « 0.6826 as was 
derived in |3ll |. 

Finally, we would like to point out that an experimen- 
tal demonstration of a fidelity larger than 1/2 does not 
disprove the existence of a classical model in the sense of a 
local hidden variable theory able to describe the physical 
process [3 Ull • When we claim that it does prove the 
non-classicality or quantumness of the respective chan- 
nel then this has to be understood in the sense that no 
classical measure-and-prepare strategy can give the same 
result within the framework of quantum mechanics. 

In conclusion, we presented and proved a tight upper 
bound on the average fidelity achievable by a classical 
channel for coherent states of continuous variables sub- 
ject to a Gaussian distribution over the phase space. This 
limit has to be surpassed by a quantum channel in order 
to outperform any competing classical strategy and is 
thus of direct experimental relevance in quantum telepor- 
tation of and quantum memories for continuous variables. 
The presented result in particular validate the outstand- 
ing experimental achievements in storing and teleport- 
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ing continuous variable quantum states. The techniques, 
which led to the proof of the bound, in principle apply 
also to other sets of states in both continuous variable and 
finite dimensional systems. Depending on the considered 
sets and distributions they might thus yield similar quan- 
tum benchmarks in other contexts. 
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